Integrating ex and 1/x

Sometimes you get integrals that look really nasty — like exponentials and fractions.
However, once you learn the clever tricks for dealing with them, they re quite easy to integrate really.

e* integrates to give e* (+ C)
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Dont forget the -
constant of integration. -
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As e* differentiates to give e
(see p.96), it makes sense that fe” dx =+ (C | d=——
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Once you're happy with that, you can use it to solve lots of integrations that have an e* term in them.

If the coefficient of x isn't 1, you need to divide by that coefficient when you integrate — so ,‘-e'“'clr = l—,e" o &

Examples: Integrate the following: a) e™ b) 2t o) et

a) fehdx - :re“" il If you differentiated e™ using the chain rule, you'd get 7e™
So when you integrate, you need to divide by 7 (the coefficient of x).
This is so that if you differentiated your answer you'd get back to e™

b) fZe"'"d.x =—%e“-”+c This one isn't as bad as it looks — if you differentiated 2¢* -, you'd get —6e*—*
so you need to divide by —3 (the coefficient of x) when you integrate.
Differentiating your answer gives you 2~
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c) fe%dx = fel_xdx =2eT+C If you differentiated e¥ using the chain rule, you'd get 1?2%, - dT;:r::Eaiw;y:r =
so you need to multiply by 2 when you integrate. E sy =
= thatitworks. I
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1Ix integrates to In |x| (+ C)
When you started integration on page 108, you couldn’t integrate 1T (= x") by increasing
the power by 1 and dividing by it, as you ended up dividing by 0 (which is baaaaad).
However, on p.96, you saw that In x differentiates to give 1?, 50: 1
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= Don't worry about where the modulus sign (see p.28) comes from — = X
= using |x| just means that there isn't a problem when x is negative. o=
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There's also a general version of this rule: 1 dx 1 | blsC
ST B =—=Injax +b |+
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Examples: Integrate the following: a) 3 b) 1 c) — =
ples: nieg & A% 3x 4x+5
5 1 SMubpirgvirninn e
a) f?d.x = 5f?dx =5In|x| +C 5 is a constant coefficient — you can = You could also write =
take it outside the integral if you want. = 5 In [x| as In el =
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b) f?;l—xdx = ;—f% = % In|x] + C Don't make the mistake of putting just In [3x| + C, as this would differentiate to

give 1? (In |3x| =In |x| + In 3, so In 3 disappears when you differentiate).
If you use the general rule here, you get ;— In|3x| + C The two answers are the

same because ?In|3x| = ?In|x| + ?In 3, so it's just the value of C that's different

c) f4:—+5dx = l— In|4x+5]| + C Use the general rule for this one — don't forget to divide by a (in this case, 4).

If you have a fraction that has a function of x in the numerator and a different function of x

;121 ), you won't be able to use this formula to integrate it.

in the denominator (e.g.

o+1

However, if you can differentiate the denominator to get the numerator (e.g.

since the derivative of x* + 1 is 3x?), then there’s a useful trick that you can use instead...



Integrating e* and 1/x

Some Fractions integrate to In

In general terms, if you're trying to integrate a fraction where the numerator is the derivative of the denominator,
yOU can USE‘ThiS furmula: AP IR RN AN p ey,

f’(x) This is another one that comes from the chain
0 dx = |n|f(x) | +C rule (p94) — if you differentiated In |f(x)],

you'd end up with the fraction on the left.
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The hardest bit about questions like this is recognising that the denominator differentiates to give the numerator.
Once you've spotted that, it's dead easy. VLRIV e I IRy,
The numerator might be a multiple of
the derivative of the denominator, just to
confuse things, so watch out for that.
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Examples: Find: a}fﬁf_—;dx, b) %dx
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a) %Lr‘—}_‘x) =4} -2 b) %{cos 3x+2)=-3sin 3x
and 8x? - 4 = 2(4x* - 2) The numerator is =1 x the derivative
The numerator is 2 x the derivative of the denominator, so: 26
of the denominator, so: _3sin3x f =3 sin3x L - WP
cos3x+2

8x _4dx 2f4x d cos3x+2

=-In |cos3x+2| +C ._.._;. _;-::_-"-_i-
=2|n|_1‘*—2_\]+C ‘-—‘/ el 1

You can use Partial Fractions to integrate

In Section 2 (pages 14-15), you saw how to break down a scary-looking algebraic fraction into partial fractions.
This comes in pretty handy when you're integrating — you could try other methods, but it would get messy and
probably end in tears. Fortunately, once you've split it up into partial fractions, it's much easier to integrate.

12x+ 6
Example: Find e dx. Be careful with the coefficients
here. Try differentiating
This is the example from p.14, them to see where they come
. . . . : . 2 - from if you're not sure
= + YOure not sSure.
and it can be written as partial fractions like this: ¥ 3 9] /

Integrating the partial fractions is much easier: ,‘(2‘,2—+3+ ?_'c4—3 ) de=In|2x+3|+2In|2x-3]+C

=In |(2x +3)(2Zx-3)*| + C

= 76). =
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Q1 Find: a) fﬁlel'dr, b) —)‘we"'sdx, c) f%dr, d) I 2__‘2_*1 dr.
20x* + 12x -12
Q2 Integrate ," B o dx.
Q3 Qx?;;&(}_ 3= '?'clier + ‘B . Find the value of 4 and B, and hence find ,‘ %d\’

Exam Questions

Q1 Find [ 3¢ d. [2 marks]

Q2 Given that x =1 is a root of ¥’ — 6x” + 11x — 6, completely factorise x’ —6x* + 11x -6,
and hence find [ ——2510— gx. [8 marks]

x—bx'+11x—-6

Don'’t cheat in your exams — copying’s derivative, so revising’s integral...
There’s quite a lot of different techniques to take in on these pages. Don’t forget to try differentiating your answer
at the end, so you know if it’s gone wrong somewhere — checking my answers has saved my skin more times than
I can tell you (28). Make sure you're a master of partial fractions before you even think about integrating them.




Integrating Trig Functions

You thought you'd killed off the dragon that is trigonometry back in Section 5, but it rears its ugly head again now
— you need to know how to integrate trig functions. Equip your most trusty dragon-slaying sword and read on...

Sin and Cos are Easy to integrate

On page 98, you saw that sin x differentiates to give cos x, cos x differentiates to give —sin x
and tan x differentiates to give sec?x (where the angle x is in radians). So it’s pretty obvious that:

fsinxdx=—cosx+C
fcosx dx =sinx+ C
fseczxdx=tanx+c

) fntegral_ing tan x
is a bit different —

z see the next page.
L AR RN NN R AT\
AUy,

= The dernvative of tan x is on
= the formula sheet, so you can

= work backwards to this result
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If x has a coefficient that isn’t 1 (e.g. sin 3x), you just divide by the coefficient when you integrate —

just like on page 114.

Example: Find f(cos 4x—2sin2x +sec’ %x) dx.
Integrate each term separately using the results from above:

fcus4xdx=%5in4x f—Zsiandx=—2(—;—c0521)=c052x fseczfxdr=:jtan%x=2lan%x
Putting these terms together and adding the constant gives: 2

f(cos4x—2 sin 2x+5ec11jx) dy = 1? sin 4x + cos 2x + 2 tan }—x +C

There are some Results you can just Learn

There's a list of trig integrals that you can just learn — you don't need to know where they came from, you can
just use them. You've met these ones before — they're the results of differentiating cosec x, sec x and cot x.

f cosecxcotx dx =—cosecx + C

\'/Ousa:\"rflJr‘;IJ fsecxtanx(jx:secx+c \“IFl.l'|'|.||I|||||||t|||I'II||!,
5 The coefhicients of x have to

be the same in each term
— e4g. you couldn't integrate
sec x tan 3x using this method.
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1 Ptonpio) 3 f cosec’x dx =—cotx +C
1
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As usual, you need to divide by the coefficient of x when you integrate.

Example: Find f(1DsechtanSx+1§cosec3xcnt3x—m5ec’{Gx+I))dx.

This one looks a bit scary, but take it one step at a time. Integrate each bit in turn to get:

fm sec 5x tan 5x dx = 10(%5&:53{') =2 sec 5x

‘1? cosec 3x cot 3x dx = 17(—1? cosec 3x) = —§ Cosec 3x L
—_ The + 1 inside the brackets has
2 e 1 5 ik no effect on the integration —
=cosec? (bx + 1) dx = ra cot{bx+1)) = e cot (bx + 1) AR A

Putting these terms together and adding the constant gives:
f(‘i[]sech tanSx+chosec3xcot3x—cosec’{6x+ 1))dx =2 sec 5x — %EOSEC 3x + % cot(bx+1)+C



Integrating Trig Functions

You can get In of Trig Functions too

On page 115 you saw that there was a formula for integrating a fraction where the numerator was the derivative
of the denominator (or a multiple of it anyway). You may also have noticed that we've very suspiciously not
integrated tan x yet. Well, we can use our fraction trick to finally work out the integral of tan:

sinx

tnx=__-a dx(cosx} = —sin x, so you can write ]‘tanxdxm the form "_I:_:}} dx:
SIinx
— c |+
ftanxdx fcosxdx In|cosx|+ C

II|||1|J'|||I1|j||||:l|||[;}
—In |cos x| is the same as

You can integrate some other trig functions in a similar way: I fsec x| — thi o
n |sec x| — IS COomes rom
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the laws of logs (see p.76).
Example: Showt]‘latfmtxdr:ln |sin x| + C. AT IRV RS
Use a similar method to the box above:
* Write cot x as a fraction: cotx = %
* Differentiate the denominator: %ﬁsin x) =cos x
: f'x) o
* Use the formula: cot x dx = f T dx, where f(x) = sin x

So [cotxdr = In [ftx)] + C
=In|sinx| + C as required

The Double Angle Formulas are useful for Integration

If you're given a tricky trig function to integrate, see if you can simplify it using one of the double angle formulas.
They're especially useful for things like cos’x, sin’x and sin x cos x. Here are the double angle formulas (see p.71):

YCI'J can “Eﬁ'!ﬁf‘-gﬂ the second
sin 2x = 2 sin x COS x EOE Rt cos 2x formulas o get
EZX.L‘F’ESSIGF‘-S for cos™ x and sIin” x:

cos2x=2 005 x—1
tan 2x = _2fanx tanf ;
1—fan x cos2x=1-=-2sin*x

cos? x = 5(cos 2x + 1)

£

sin’ x = 5-(1 — cos 2x)

Once you've replaced the original function with one of the double angle formulas,
you can just integrate as normal.

Examples: Find: a) fsinz.x dy, b) fcos’Sx dx, C)fsin.tcosx dx.

a) Using the double angle formula above, write sin’x as 1?{1 — cos 2x), then integrate.

sinxdx = | 5(1 = cos 2x) = 5sin2x) +C=5x-7sin2x+ C
f J’ 2 2 ( 2 ) 2 4 : Don't forget to

1 ¥ double the coefficient
b) Using the double angle formula above, write cos® 5x as 5lcos 10x + 1), then integrate. of x here. Youll also

need to dvide by 10
when you integrate.

fc0515xdx= ’r%{cos 10x + 1}:;—({'—usiniﬂx+x)+l:=21—osin Iﬂx+;—x+c

¢) Using the double angle formula above, write sin x cos x as ]2— sin 2x, then integrate.

fsmxcosxdx J‘ > sin 2x dx = (—?cuszx)+c——Tcnslx+C



Integrating Trig Functions

Use the Identities to get a function you Know how to Integrate

There are a couple of other identities you can use to simplify trig functions (see p.68):

sec2f=1+tan’ @ cosec2@=1+cot?@

These two identities are really useful if you have to integrate tan’x or cot’x, as you already know how to
integrate sec’x and cosec’x (see p.116). Don't forget the stray 1s flying around — they’ll just integrate to x.

Examples: Find: a) f(tan’x—ﬂdx, b) f{u:ot2 3x) dx.

a) Rewrite the function in terms of sec® x: b) Get the function in terms of cosec’: 0
tanfx—1=sec’x-1-1=secix-2. cot? 3x = cosec? 3x - 1. e T
Now integrate: Now integrate: : e
j{ﬁeczx—2}dx=tanx—lt+c j(cusecz'j.r—1]dx=“;—ml3_\u~.t+C - N

Example: Evaluate f?(ﬁsin3xcus3x+ tanzé—x+ 1 ) dx.

o
Using the identities, 6sin 3x cos 3x = 3sin 6x

and tan? :Ijx + 1 =sec? .17_1' gives:

1

.L‘T(3 sin bx+5ec371) dx = [—%cos 6x+ 2tan ]—,ILT Ay

) g Heosn kol

[ = cos(27) +2 tan ] I —-cos(0) +2tan(D}I

=[—7m+2 ] [F+20|=-3+ Z+y==

Sadly, Boris' identity
wasnt making it any
easier to integrate at all.

e |I'-.-

Q1 Find f{cus 4y — sec? 7x) dr.
Q2 Evaluate f(ﬁ sec 3x tan 3x — cosec’ SL) dx.

Cosx
o=l

Q3 Integrate | -3~

" 2tan3x &

Q4 Use an appropriate trig identity to find I 3

Q5 Use the trig identity sec’x = 1 + tan’x to find ,‘_(2 tan® 3x + 2) dx.

Exam Questions

: cosec’x— 2
Q1 Find [SeCx=2 4 [3 marks]

Q2 Use an appropriate identity to find f 2 cot”x dx. [3 marks]

This is startin’to grate on me now...

Some of these integrals are on the formula sheet. The ones from the bottom of p.116 are on the list of differentiation
formulas, so if you can work backwards (i.e. from f'(x) to f(x)), you can sneakily use these results without having to
remember them at all. Don'’t tell the examiners though — I don’t think they’ve noticed yet...  (disclaimer: they definitely have)






