Geometric Series

Remember that a geometric sequence is one where you multiply by a common ratio to get from one term to the next.
If you add the terms in a geometric sequence, you get a geometric series.

There’s a Formula for the Sum of a Geometric Series

To work out the formula for the sum of a geometric progression,

yOU usethSEriE,s and Sl.lbtract: \._\]llfll'l.ll-ll|l|l|||il|lJ’|lJ'||F_,-
= If the series were subtracted the

: S = 1 :
For a geometric progression: .'5."r =a+ar+ar+art+ .. +are other way around you'd

Multiplying by r gives: r§,=ar+ar +ar*+ . +tar’ o™ tar § gl - alr—1) =
EURO S ~ = S =
Subtracting gives: oI = a—ar a(1-r") = Both versions are correct, but the =
Factorising: (1-nS,=all-r) @ 5= f = (1 = r) version is the one that -
2 — appears on the formula sheet. =
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Example:  Calculate how much money is on the chessboard on p.45.

Here, you have to work out S, (because there are 64 squares on a chessboard).
a=1,r=2 and n = 64. Putting these values into the formula gives:
_1(1=2%)
e HE T 1 _2

=1.84 x 10" pence or £1.84 x 10"

The chessboard had suddenly
turned a bit sinister.

Geometric progressions can either Grow or Shrink

In the chessboard example, each term was bigger than the previous one: 1, 2, 4, 8, 16, ...
You can create a series where each term is smaller than the previous one by using a small value of r.

Example: Ha=20andr= ;—, find the first five terms of the geometric sequence and the 20™ term.

. 1, 1 1 1 .
u, =20, u2=20x§=4, u3=4x§=0.8, u4=0‘8x§=ﬂ.1b, u5=0‘16x?=lj.ﬂjl
19 The seguence is i Each term is the previous
=) (1—) = 1.048576 x 102 ‘____l iy is tending towards Each term is the previous
20 5 zero, but won't ever get there. o e
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|r] means the modulus
(or size) of r, ignoring the sign
of the number (see p28).

So |r|] <1 means that -1 <r < 1.
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In general, for each term to be smaller than the one before, you need |r| < 1.
A sequence with |r| < 1 is called convergent, since the terms converge to a limit.
Any other sequence (like the chessboard example above) is called divergent.
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A Convergent Series has a Sum to Infinity

(AANANERRERRRENE/
S just means
‘sum to infinity”
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If || <1 and n is very, very big, then »* will be very, very a f
(] ’ : g
small — or to put it technically, » — 0 (try working out S0 | <V e SR

(12)'™ on your calculator if you don't believe me). This is given on the formula sheetas S. =
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In other words, if you just kept adding terms to a convergent series, you'd get
closer and closer to a certain number, but you'd never actually reach it.
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This means (1 - ) is really, really close to 1.

Example: Ka=2andr= 1?, find the sum to infinity of the geometric series.

Using the sum to infinity formula: S.= f=F =% 4
You can see it getting closer and closer to 4
You can show this graphically: st | | | | | if you work out the individual sums:
The curve is getting closer 3 S =7 et N |
and closer to 4, but it’ll never 1= e e
actually get there. 41 1 1 5, =3 S, =3 % e
e r:  sa3l gD and s o
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Geometric Series

A Divergent series Doesn’t have a sum to infinity

Example: If a =2 and r = 2, find the sum to infinity of the geometric series.

i, =2s08, =2 L.
u,=2x2=4505,=2+4=6 This is an exponential graph
— see pil.
u3=4x2=850.§3=2+4+8=]4 JIII1I.IF|IHI|FIj1lIthl.lth
u,=8x2=16s50S5,=2+4+8+16=30
u.=16x2=32s505.=2+4+8+16+32 =62 i n

Asn— o, § — = in a big way. So big, in fact, that eventually you can’t work it out — so don't bother.
There is no sum to infinity for a divergent series.
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Example:  On a child’s 1 birthday, £3000 is invested in an account with a fixed compound interest rate
of 4% per year. The interest is paid in every year, on the child’s birthday. v/ i/

s
a) What will the account be worth on the child’s 7* birthday? = |f5| f“l'“io“1"g;"lerft' 0 =
b) When will the account have doubled in value? E .T'u.t:?,y, il ot srmaps
a) u, =a=3000 Thic . b) You need to know when u_ > 6000
= & e ikteest. (double the original value}l
u, = 3000 + (4% of 3000) From part a) E know ﬂmi u_= 3000 x (1.04)!
= 3000 + (0.04 x 3000) = 3000(1 + 0.04) bl x?’?l 6000 :
= 3000 x 1.04 +———So r =104 i
uy =u, x 1.04 x 2= (3000 x 1.04) x 1.04 To complete this you need to use logs (see p.76):
= 3000 x (1.04)° | ;
- . og(1.041" > log 2
u, = 3000 x (1.04) (n—1) log(1.04) > log 2
log 2 So U, (the amount at the
- . =158 gart of the 19* year) wil
i : ;ggg; 9(2. .I:Dt:}the T I°g1 04 be more than double the
a . P n-1>17.67 original amount.
n>18.67 (2 d.p.
So the account will have doubled in value when
the interest is paid in on the child’s 19" birthday.
Practice Questions
Q1 Find the sum of the first 12 terms of the following geometric series:
a) 2+8+32+... b) 30+15+75+...
Q2 Find the common ratio for the following geometric series.
State which ones are convergent and which are divergent.
a) 1+2+4+.. b) 81+27+9+... c) 1+1T+‘3)_+"‘
Q3 For the geometric progression 24, 12, 6, ..., find:
a) the common ratio, b) the seventh term,
c) the sum of the first 10 terms, d) the sum to infinity.
Exam Question
Q1 A geometric series has second term u,= 5 and sum to infinity §_= 36.
a) Show that 36r2 — 36r + 5 = 0, where r represents the two possible values of the common ratio. [3 marks]
b) Hence find the possible values of r, and the two corresponding first terms. [4 marks]

To infinity and beyond (unless it’'s a convergent series, in which case. to 4)...

| find it odd that | can keep adding things to a sum forever, but the sum never gets really really big. If this is really
blowing your mind, draw a quick sketch of the graph (like in the example above) so you can see what’s happening.




