Polynomials

A polynomial is just an expression of algebraic terms. In A-level maths you need to manipulate them all the time.
Expand brackets by Multiplying them out
Here are the basic types you have to deal with — you'll have seen them all before.

Single Brackets Squared Brackets

ab+c+d =ab+ac+ ad @+ bR =la+bla+ b =a?+ 2ab+ I

Use the middle stage until you're comfortable with it.
Just never make this mistake: (@ + b)2 = a2 + B2

DiﬁEIEI'ICEOfT\\"OSqUEITES AVERR by,

Double Brackets
(a+ hle+d)=ac+ad+ be + bd

E The difference of two squares =
@a+bla-b=a*—ab+ab-b=a*>-b = canbeapplied to surds =
Long Brackets = (vx+ 7N vE-/y)=x—y =
- - = = 'rlrll|||||||J||||||I|F'I||"\
Write it out again with each term ey el
from one bracket separately
multiplied by the other bracket. =xl@a+b+c+d)+ya+b+c+d)+zla+b+c+d)

Then multiply out each of these brackets, one at a time.

Example:  Expand and simplify (2x2 + 3x + 6)(4x? + 6x2 + 3)
Multiply each term in the first bracket

by the second bracket: 2x2(4x3 + 6x2 + 3) + 3x(4x3 + 622 + 3) + 6(4x3 + 6x2 + 3)
Multiply out each bracket individually: =8+ 12" +6x2) + (12x* + 183 4+ 9x) + (2423 + 362 + 18)
Simplify it all =82+ 24x* + 423 + 4222 + 9x + 18

Look for Common Factors when Simplifying Expressions

Something that is in each term of an expression is a common factor — this can be numbers, variables or
even brackets. If you spot a common factor you can ‘take it outside’ a bracket.

Example: Slmpllfy{_r+l}l.’,r —N+x+1RP—x(x+1)

There's an (x + 1) factor in each te
1 2 "I h frvvennnbpny "I.I"III"II'I.IIlI'II'ILI./_
_ {.\‘ = H{I } i } _1‘} The terms inside the curly bracket are =
e N A N A = the old terms with an (x + 1) removed. E
151 AT AR TN N T AR A R A NN NALS
5 INnards AUErrbvrnnbvprvenniv vt
x+Dx=2+x+1-x} = Use the "difference of two squares” =
= ltiply out) to get thi =
=x+1}x-1)=2-1 = {iE:!’lli"f':'L: |I1piy|l L{)|u|2 I n?n \ 1'?1a1r15:\ﬁrr ~
Factorise a Quadratic by putting it into Two Brackets
Factorising a quadratic in the form ax? + bx + ¢ is pretty easy whena = 1:
Factorising Quadratics Example: Factorise x2 + 4x — 21
1) Write down the two brackets:
x  x ) N x2+4x-21=(x )x )

2) Find two numbers that multiply 2) 1 and 21 multiply to give 21 — and add / subtract to give 22 and 20.
to give ‘¢’ and add/subtract to 3 and 7 multiply to give 21 — and add / subtract to give 10 and 4.
give ‘b’ (ignoring signs).
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3) Put the numbers in the brackets 3) 2+4x=-21=(x 7)x 3) = This is the value of 'b'
and choose the correct signs. =(x+7)(x-3) = you're after — 3 and 7

IRTRRERY

are the right numbers.
These get much easier with practice — you might even be able to do them in your head. i/t

Make sure you always check your answer by multiplying the brackets out.



Polynomials

Use a Similar Method for Factorising a quadratic when a = 1

,_}Illl{ll!l]'{i'llf)_
Example: Factorise 3x2 + 4x— 15 S Itsgottobe =
ke ad . » S s = 3x and x here. =
; eac o] '=El::h 0 3 | !'_l | --.Q.-'. :- 3I2+4_r_‘5=[3_t }L‘c Tinnnnnn®
Th 5 ib 1ETE qets bit fi | Y, ofi o 5 :
- UL --'-'i': I” & _.l.n.'l_' W €r --._,_' FETLUI LrErnT '_-- A Al = dafiia ier A LaLd SUracL U L
(3x 1)x 15) = xand 45x — which then add or subtract to give 46x and 44x. ViV TrveEnvIv L,
. . = This is the value you're =
(3x 15)(x 1) = 15x and 3x — which then add or subtract to give 18xand 12x. = 5. _ o thisis the -
(3x 3)x 5) = 3xand 15x — which then add or subtract to give 18x and 1?_;,;3"; right combination. =
- ‘\
(3x 5)x 3) = 5x and 9x — which then add or subtract to give 14x and 4.x. i VAR

You know the brackets must be like these. (3x 5}(x 3)=3x2+4x-15
so all you have to do is put in the plus or minus sigr “_ﬁll!IIII|lIIlilLllI:lIil'llIlIH-'..-

Gx + 5](1‘ 3) e e el ] = 't is negative — that means the
= signs in the brackets are different.
or... =

phahnn v buntunt
E:‘:i"i.h —5)(x+3)=3x2+4x— 15 =5

A R RN R NN RN
You've only got two choices —
if you're unsure, just multjpbf

them out to see which one’s right. 2
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Simplify algebraic fractions by Factorising and Cancelling Factors

Algebraic fractions are a lot like normal fractions — and you can treat them in the same way, whether you're
multiplying, dividing, adding or subtracting them. All fractions are much easier to deal with when they’re in their
simplest form, so the first thing to do with algebraic fractions is to simplify them as much as possible.
1) Look for commeon factors in the numerator and denominator — factorise top and bottom

and see if there’s anything you can cancel.
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Examples:  Simplify the following: a) = a)r b) 3% +£ = Watch out for =
= the difference =

a) ax+ay=ﬂ{x+y}=x+}' b) " 3(x+7) e O = of two squares. =
az az z x'=4 (x+7)x-2) > ARRTRRRTIREIIY

2) If there’s a fraction in the numerator or deaninatDr (e.g. 1—J multiply the whole thing (i.e. top and bottom)
by the same factor to get rid of it (e.g. for - » You'd multiply through by x).

_—

i £ +1 \x
4x2ﬁ 2+?_r=(2 7%) X T _ ‘
A +x  x(4x+1)%X2x  2x'(4x+T) 2

Example: Simplify

3) You multiply algebraic fractions in exactly the same way as normal fractions — multiply the numerators
together, then multiply the denominators. It's a good idea to cancel any common factors before you multiply.

4) To divide by an algebraic fraction, you just multiply by its reciprocal (the reciprocal is 1 + the original thing
— for fractions you just turn the fraction upside down).
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Examples: Simplify the following: a) x Ix—15 xxz_lﬁ b) 3“: —9%X = Tym the second =

2x+8 =+ 3x 20 E fraction upside down. -
a) xi=2x- 15xx2—16_(}/‘|"ﬂ(x (,.L:l"‘cﬂ(x—zl} A QU s

2x+8 x*+3x o ZM x(x+73) -9 _3r 20
s S » 3

ST Ry (x-5)x—4) ¥ =9x+ 20 b) 5 T 0 x,h‘{x 3)
= Factorise both fractions. = = v (= Ix )
ETRRRIRVARERRRENNARN AT =

x—3



Polynomials

Add and Subtract fractions by finding a Common Denominator

You'll have come across adding and subtracting fractions before, so here’s a little reminder of how to do it:

: 4 . 2y 1 X AV ey,
Example: |BIRRIE Gt s lirena = The individual 'bits’ here are x, (x + 3) and y. =
) . = But you need to use y* because there's a y? =
1) Find the common denominator = in the second fraction's denominator. =
Take all the individual ‘bits’ from the bottom lines and AR R RN AR R RN AN RN AT NATE LA
multiply them together. Only use each bit once unless
something on the bottom line is raised to a power: common denominator = xy2(x + 3)
2) Put each fraction over the common denominator
ma:u_' the denominator of each fraction into the_ common denominator. yix 2y £ X1 xy(x+3) X x
ultiply the top and bottom lines of each fraction by whatever makes - - -
the bottom line the same as the common denominator yix(x+3)  xy(x+3) xy(x+3)y

3) Combine into one fraction

Once everything's over the common denominator you can s Oy’ tx=xpx+3)  2y'+x=x'y=3x'y
Just add the top lines 10921}1” and simphfy the numerator { = .ry’[x+ 3) oo .ry’{.r+ 3)
Slirvivrrrvervvrrerigeeveeiverng

= All the bottom lines are the same
— — so you can just add the top lines.

Fiehevevnnnibpbnprnvr by
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Q1 Expand the brackets and simplify the following expressions:

a) (x+yx=y) b) (x + y)(x + y)

€) 35xy + 255y + 7x) = 100y? d) x+3y+2)3x+y+7)
Q2 Show that (vVx +v2)(Vx=y2) =x-2.

Q3 Take out the common factors from the following expressions:

a) 2x%y + axy + 2x1? b) a’x + a?bix?

c) 16y + 8yx + 56x d) xlx=2)+3(2-x)
Q4 Factorise the following quadratics:

a) XX+ 6x-7 b) x2-4x-12

c) 9x?-64 d) 4x2-11x-20

Q5 Simplify the following:

VER w0 g
Exam Questions
Ql Write W as a fraction in its simplest form. [3 marks]
Q2 Factorise 2x* — 32x* completely. [2 marks]
Q3 Write each of the following polynomials as a single fraction in its simplest form.
a) lt'i Tt .3—;"' l? [3 marks]
) xlz—l_xs-.xl+xi] [3 marks]

What do you call a hungry parrot? Polynomials...

Nothing on these pages should be a big shock to you — you’ve been using normal fractions for years, and algebraic
fractions work in just the same way. They look a bit scary, but theyre all warm and fuzzy inside.




Algebraic Division

I'm going to spoil you with three methods for algebraic division — these can be a bit tricky so take your time with them.
I know you can’t wait to get stuck into them, but first you need to get to know the Factor Theorem.

There are some Terms you need to Know

These words will keep popping up over the next few pages, so make sure you know what they all mean.

1) DEGREE — the highest power of x in the polynomial (e.g. the degree of 4x® + 6x —=3x -1 is 5).

2) DIVISOR — this is the thing you're dividing by (e.g. if you divide x* + 4x — 3 by x + 2, the divisor is x + 2).
3) QUOTIENT — the stuff that you get when you divide by the divisor (not including the remainder).

4) REMAINDER — the bit that’s left over at the end (for A-level maths this will be a constant).

The Factor Theorem links Roots and Factors

If you get a remainder of zero when you divide the polynomial f(x) by
ix = a), then (x = a) must be a factor of f(x). That's the Factor Theorem:

If f(x) is a polynomial, and f(a) = 0, then (x — a) is a factor of f(x).
I f(2) = 0, then (ax - b) is a factor of f(x).

In other words: If you know the roots, you also know the factors — and vice versa.

Example:  Show that (2x + 1) is a factor of f(x) = 2x3 — 3x2 + 4x + 3.

Use the second version of the Factor Theorem — in this case, a = 2 and b = -1.

This means that if you show that f[—]?} = 0, then, by the Factor Theorem, (2x + 1) is a factor.

f(x) = 2x3 = 3x2 + 4x + 3 and sof(—%:)=2(—1§)—3(1:)+4(—;—) +3=0

So, by the Factor Theorem, (2x + 1) is a factor of f(x).

Example:  The quartic polynomial g(x) = x* — 8x* — 87x2 + 342x + 1512
has roots at x = 12, 6, =3 and -7. Fully factorise g(x).

If a is a root of g(x) then gla) = 0. So (x — a) is a factor of g(x). Since you're given four
roots, you have four factors and that's all you need to fully factorise a quartic. Hence:
glx) =x*-8x-87x* + 342x + 1512 = (x - 12)(x - 6)(x + 3)(x + 7).
Abrrvebavevtpenbonendinnrtinigbgnbipnninne
b You could check that this factorisation is =
correct by expanding the brackets back out. =
Fovoaboip e ve e o ot rgtputge
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Method 1 — Divide by Subtracting Multiples of the Divisor

This is the first of three methods I'm going to show you for dividing a polynomial by a linear expression.
To do algebraic division you can keep subtracting chunks of the divisor, (x — k), until you get the remainder.

Algebraic Division

(1) Subtract a multiple of (x - k) to get rid of
the highest power of x.

TR R AN A RN N AN R R RN RN AR NN NN NARNRRANY)
For this course you'll only have to divide by a linear expression
— Le. ax + b, where a and b are constants. This means that

the remainder will always be a constant because the degree of

the remainder has to be less than the degree of the divisor.
"f|l|'|l|||||1Jl||'|I|'|,|F'|III|l'|,]|||.||J||||I||I||'|i|||_|l\\

() Repeat step 1 until you've got rid of
all the powers of x.

@ Work out how many lumps of (x - k),
you've subtracted, and read off the remainder.

ARLLRRRLNPS
"
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The Remainder Theorem is an easy way to work out Remainders

If f(x) is a polynomial then the Remainder Theorem states that:

When you divide f(x) by (x — a), the remainder is f(a).
When you divide f(x) by (ax — b), the remainder is (2.

Example:  Find the remainder when you divide 2x3 - 3x2 - 3x + 7 by 2x - 1.

f(x) = 2x3-3x2-3x + 7. Thedivisoris2x-1,soa=2and b=1.

Using the Remainder Theorem, the remainder must be f(-]j-) = 2(%-) —3(-}_‘")— 3(%—) +7=5



Algebraic Division

Always get Rid of the Highest Power of x

Example: Divide (2x* — 3x2 - 3x + 7) by (x - 2)

You're asked to calculate (2% = 3@ =3x+7) = (x = 2). (2x3=3x2=3x+7)-2x%(x-2)

Start with 2x* = 3x? = 3x + 7, and subtract 2x? =23 =-3x2-3x+7) =23 + 4x2

lots of (x = 2) to get rid of the x® term: =x_3x+7 AT i,
= This 1s what's left — =

Now start again with xf -3x+7. (2 —3x + 7) —xlx —2) = sonowyou haveto =

The highest power of x is the x? term. =(R=3x+7)-x2+2x = get rid of the x? term. =

So subtract x lots of (x — 2] to get rid of that: =—x+7 T s

All that's left now is —x + 7. =+ 7)—(1(x-2))

Get rid of the —x by subtracting —1 lots of (x — 2): =(=x+7)+x-2=5

So(2x3=3x2-3x+7) = (x=2)=2x* + x — 1 remainder 5

Method 2 — use Algebraic Long Division

To divide two algebraic expressions, you can use long division (using the same method you'd use for numbers).

Example: [Phvidedei=/a mibr s Ty re > : If the original polynomial doesn't have an x term, for :
@D 2¢ = x=2 1 example, just put Ox where the x term should be.
- > S & e T e
= 2 _ _“_urLIl|ri|II.l'|I.|rI.|I|1|i|LI[|r|,IlI|.l|II|J'|I|,:_
@ Multiply (x - 5) by 'T_:’]Qx]_?lz “F"T + 1,1 = These two terms haven't changed — they've just =
N et this - 2 -1029 | : = dropped down to make the subtraction clearer =
= — % EH;LIHIHLIILIHH RRTRNAN AN RN R IR A NN
3xt=16x Y b 2w fn
@qutn_trq gives 2 1e. a— @) Multiply (x = 5) by 3x to
; - (3x2=15x) = e :
3%, so divide this tordse SRRy el G get this, then subtract again
by x cqe'_%_ -+ 11

: — (=x +5) @ After subtracting, this term has a

® Divide =« br’ x to get i / 5 /’ "IE:_'I Hh _,\_

then multiply (x = _;] by —1. ; s
- : e dvided. This is

SRR ERRRRRANNART)
You can multiply
your answer by
(x = 5) to check

you've got it right.

OO gy

So(2 -7 —16x+11)= (x — 5) = 2x* + 3x — 1 remainder 6.

3_= 3 _
2x —7x —1ex+11 TR LW ‘f:-__
=5 x—5

I
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This could also be written as

Method 3 — use the Formula f(x) = q(x)d(x) + r(x)

There's a formula you can use to do algebraic division — it looks like this:

A polynomial f(x) can be written in the form f(x) = (]'[,\'Jd (x) + r(x),
where q(x) is the quotient, d(x) is the divisor and r(x) is the remainder.

You'll be given f(x) and d(x) in the question, and it's down to you to work out q(x) and r(x). Here’s how you do it:

Using the Formula

(D) First, you have to work out the degrees of the quotient and remainder, which depend on the
degrees of the polynomial and the divisor. The degree of the quotient is deg f(x) — deg d(x),

and the degree of the remainder, deg r(x), has to be less than the degree of the divisor. vt

For this course, you'll
only get questions
where deg d(x) =1
and deg r(x) = O

@ Write out the division using the formula above, but replace q(x) and r(x) with
general polynomials (i.e. a general polynomial of degree 2 is Ax* + Bx + C, and a
general polynomial of degree 1 is Ax + B, where A, B, C, etc. are constants to be found).

LR RRAREY
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(3) The next step is to work out the values of the constants — you do this by guininnn
substituting in values for x to make bits disappear, and by equating coefficients. . uitrininn T,

It's best to start with the constant term and work backwards from there. = Equating ﬂuf“e";”_‘m"f' =

. - . . . = ts =

@ Flr}ally, write out the division again, replacing A, B, C, etc. = E?T;;n:gw; :}[FG s o:e;]e -
with the values you've found. =  LHSandtheRHS. X

ARSI AT AR NN AR
The method looks a bit intense, but follow through the example on the next page to see how it works.



Algebraic Division

Start with the Remainder and Work Backwards

When you're using this method, you might have to use simultaneous equations to work out some of the coefficients.

Example: Divide x* - 3x* - 3x* + 10x + 5 by x - 2.

(D The polynomial f(x) has degree 4 and the divisor d(x) has degree 1, which means that the quotient g(x)

has degree 4 — 1 = 3 (i.e. a cubic). The remainder r(x) has degree 0. Wittt EENIL
= Remember, it's easiest to start =
by finding the constant term. =
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(3) Substitute x = 2 into the identity to make the q(x)d(x) bit disappear. This gives the remainder as E = 5.
Now, using this value of E and putting x = 0 into the identity gives the equation 5=-2D + 5,s0 D = 0.

@ Write out the division in the form f(x) = q(x)d(x) + r(x):
-3 -3x2+10x+5=AF+Bx2+Cx+Dilx=-2)+E

S

Using the values of D and E you now have:
M3 -3+ 1+ 5=AC+B2 + Ox)ix—2)+ 5
=AY+ (B-2A2 +(C-2B)x -2Cx + 5
Equating coefficients of x*, x* and x gives A= 1, B—2A =-3 (so B =-1) and -2C = 10 (so C = -5).

@ Putting these values into the original identity gives: x* - 3x* -3 + 10x + 5= (X’ —x* - 5x)(x - 2) + 5.
So the answer is (x* — x? — 5x) remainder 5.

_Practice Questions
Q1 The polynomial f(x) = x* - 3x* + 7x* — 12x + 14 is divided by x + 2.
a) What is the divisor, d(x)?
b) What is the value of: (i) the degree of d(x)?  (ii) the degree of the quotient, q(x)?

Q2 Which of the following are factors of f(x) = x> — 4x* + 3x* + 2x* - 22
a) x—=1 b) x+1 c) x-2 d) 2x-2

Q3 Use algebraic long division to divide x* + 2x2 —x + 19 by x + 4.

Q4 Write the following functions f(x) in the form f(x) = (x + 2)q(x) + r(x), where g(x) is a quadratic:
a) fix)=3x —4x* = 5x -6, b) flx)=x* + 2x* - 3x + 4, c) flx) =2 + 6x - 3

Q5 Write 2x3 + 8x2 + 7x + 8 in the form (Ax? + Bx + C)(x + 3) + D.

Using your answer, state the result when 2x3 + 8x2 + 7x + 8 is divided by (x + 3).

Exam Questions

Q1 a) State the Factor Theorem for a polynomial fix). [1 mark]
b) Hence, determine whether the following are factors of fix) = 2x® — 5x% — 4x + 3.
M (x=1) [1 mark]
(ii) (x+1) [1 mark]
c) Factorise f(x) completely. [3 marks]
Q2 f(x)=(4x"+ 3x + 1)(x — p) + 5, where p is a constant.
a) State the value of f(p). [1 mark]
b) Find the value of p, given that when f(x) is divided by (x + 1), the remainder is 0. [2 marks]
¢) Determine whether (x — 1) is a factor of f{x). [1 mark]

Q3 Write x* + 15x* + 43x — 30 in the form (Ax> + Bx + C){(x + 6) + D,
where A, B, C and D are constants to be found. [3 marks]

Just keep repeating — divide and conquer. divide and conquer...

There’s a lot to take in about algebraic division so feel free to go over it again. It’s up to you which method you
prefer but I'd recommend either long division or the formula — these are a bit quicker than the first method.
And if you think a divisor might actually be a factor, just use the Factor Theorem instead of actually dividing.






